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L\"u-Yu 3 $\mathbb{Z}_{2^{-}}$ $M$ $(\mathbb{Z}_{2})^{3}$ -




$\mathbb{Z}_{2}:=\mathbb{Z}/2\mathbb{Z}=\{0,1\}$ 2 $(\mathbb{Z}_{2})^{n}$ $n$ $n$
$\mathbb{R}^{n}$ $(\mathbb{Z}_{2})^{n}$-
$(s_{1}, \cdots, s_{n})\cdot(x_{1}, \cdots, x_{n})=((-1)^{s_{1}}x_{1}, \cdots, (-1)^{s_{n}}x_{n})$
$\mathbb{R}^{n}/(\mathbb{Z}_{2})^{n}$ 1 $(\mathbb{R}_{\geq 0})^{n}$
1.1 $n$ $M$ $(\mathbb{Z}_{2})^{n}$-
1.2 1. $S^{1}\subset \mathbb{R}^{2}$ $\mathbb{Z}_{2}$- $x$ $(x, y)\mapsto(x, -y)$
$n$ $T^{n}=S^{1}\cross\cdots\cross S^{1}$ $(\mathbb{Z}_{2})^{n}$-
$n$ $I^{n}$
2. $\mathbb{R}P^{n}$ $(\mathbb{Z}_{2})^{n}$-
$(s_{1}, \cdots, s_{n})\cdot[x_{0}, x_{1}, \cdots, x_{n}]=[x_{0}, (-1)^{s_{1}}x_{1 )}(-1)^{s_{n}}x_{n}]$
$n$ $\triangle^{n}$
3. $n$ $S^{n}\subset \mathbb{R}^{n+1}$ $(\mathbb{Z}_{2})^{n}$-
$(s_{1}, \cdots, s_{n})\cdot(x_{0}, x_{1}, \cdots, x_{n})=(x_{0}, (-1)^{s_{1}}x_{1}, \cdots, (-1)^{s_{n}}x_{n})$
$n=2$ 2 $n=3$ 3
2 ( B) ( 1)
1876 2014 1-8 1
1:2 B
$n$ 1 $(\mathbb{R}_{\geq 0})^{n}$
$Q$ $x$ $x$ $(x_{1}, \cdots, x_{n})\in(\mathbb{R}_{\geq 0})^{n}$
$x$ codim$(x)$ $x_{i}=0$ $i$ $Q$ $k$
$k$ 1
2 $x$ $x$ 2
$Q$
$(\mathbb{Z}_{2})^{n}$- ([1] )




1.4 $(\mathbb{Z}_{2})^{n}$ - $n$ $M$ $Q=M/(\mathbb{Z}_{2})^{n}$
small cover
$M$ $(\mathbb{Z}_{2})^{n}$- $n$ $\pi$ : $Marrow Q$
$\partial Q\neq\emptyset$
$Q$ $F$ $F$ $x\in\pi^{-1}$ (int $F$ )
$\lambda$ : $\mathcal{F}(Q)arrow(\mathbb{Z}_{2})^{n}$ $M$ $\mathcal{F}(Q)$ $Q$
$Q$
$(*)F_{1}\cap\cdots\cap F_{n}\neq\emptyset\Leftrightarrow\{\lambda(F_{1}), \cdots, \lambda(F_{n})\}$
$Q$ $(*)$ $\lambda$ : $\mathcal{F}(Q)arrow(\mathbb{Z}_{2})^{n}$
$Q$ $(\mathbb{Z}_{2})^{n}$ -
1.5 $n=3$ 1.2 $S^{3},$ $\mathbb{R}P^{3},$ $T^{3}$ 2
$\{\alpha, \beta, \gamma\}$ $(\mathbb{Z}_{2})^{3}$
2
2: $S^{3},$ $\mathbb{R}P^{3},$ $T^{3}$
2 $(\mathbb{Z}_{2})^{n}$- $n$ $M_{1},$ $M_{2}$ $\theta\in$ Aut $(\mathbb{Z}_{2})^{n}$
$\theta$- $f$ : $M_{1}arrow M_{2}$ $f\pi_{2}=\pi_{1},$ $f(g\cdot x)=\theta(g)\cdot f(x)$
$Q$
2 $(\mathbb{Z}_{2})^{n}$- $\lambda_{1},$ $\lambda_{2}$ $\theta\in$ Aut $(\mathbb{Z}_{2})^{n}$ $\lambda_{2}=\theta\lambda_{1}$
$DJ$-
1.6 (Davis-Januszkiewicz [2]) $Q$ small cover $Q$
$(\mathbb{Z}_{2})^{n}$- $DJ$- $(\mathbb{Z}_{2})^{n}$- $(Q, \lambda)$
small cover
$M(Q, \lambda):=(Q\cross(\mathbb{Z}_{2})^{n})/\sim,$ $(x, g)\sim(y, h)\Leftrightarrow x=y,$ $g=hmod \lambda(F)(x\in int(F))$
1.7 $Q$ $(\mathbb{Z}_{2})^{n}$- $\lambda$ $M$
$Q$ $(\mathbb{Z}_{2})^{n}$- $\xi$ : $Earrow Q$ $(\lambda, \xi)$ $M$
([3] )
1.6 small cover $(\mathbb{Z}_{2})^{n}$-
small cover $n=3$
([6] )
1.8 3- small cover $M$
$\alpha,$
$\beta,$ $\gamma\in(\mathbb{Z}_{2})^{3}$ $\{\alpha, \beta, \gamma, \alpha+\beta+\gamma\}$
1.8 $\{\alpha, \beta, \gamma, \alpha+\beta+\gamma\}$ 3 1
4
2 $(\mathbb{Z}_{2})^{3}$- 3
L\"u-Yu [5, Theorem 1.1] 3 $\mathbb{Z}_{2^{-}}$ $(\mathbb{Z}_{2})^{3}$ -
3
2.1 (L\"u-Yu) $M$ 3 $\mathbb{Z}_{2^{-}}$ $M$ $(\mathbb{Z}_{2})^{3}$-
$\mathbb{Z}_{2^{-}}$ $N$ $M$ 8 $N$
$N\# N\#\cdots\# N$ $M$ $M=S^{3}$
$\mathbb{Z}_{2}$- 3 $S^{3}$
3 $(\mathbb{Z}_{2})^{3}$-
2.2 $M$ 3 $rank_{\mathbb{Z}_{2}}H_{1}(M;\mathbb{Z}_{2})=k\geq 1$ $M$
$(\mathbb{Z}_{2})^{3}$-
$k=1$ [5, Theorem 1.2]
2.3 (L\"u-Yu) $M$ 3 $H_{1}(M;\mathbb{Z}_{2})\cong \mathbb{Z}_{2}$
$M$ $(\mathbb{Z}_{2})^{3}$ - $M$ $\mathbb{R}P^{3}$ $\mathbb{Z}_{2^{-}}$
$N$ 8 $\mathbb{R}P^{3}\# N\# N\#\cdots\# N$ $M$
$M=\mathbb{R}P^{3}$
2.4 $M$ 3 $rank_{\mathbb{Z}_{2}}H_{1}(M;\mathbb{Z}_{2})=k<8$ $M$
$(\mathbb{Z}_{2})^{3}$- $M$ small cover $L(k=0$ $L=S^{3})$
$\mathbb{Z}_{2^{-}}$ $N$ 8 $L\# N\# N\#\cdots\# N$
small cover $L$ 3 $rank_{\mathbb{Z}_{2}}H_{1}(L;\mathbb{Z}_{2})=k$
$M$ $H^{*}(M/(\mathbb{Z}_{2})^{3};\mathbb{Q})\cong H^{*}(M;\mathbb{Q})^{(\mathbb{Z}_{2})^{3}}=0$ $Q=$
$M/(\mathbb{Z}_{2})^{3}$ 3 $\partial Q$ $S^{2}$ $\partial Q$ 3-
( 3- 2.7 small cover
$M$ )
$\partial Q$ $B$ (
$B$ ) $P$ $Q$ $(\mathbb{Z}_{2})^{3}$ - $P$ small
cover $(P=B$ $S^{3})$ $L$
[5] $Q$ 1
$Q’$ $Q$ $Q’$ $P$ 1
$(M, Q, \lambda)=(M’, Q’, \lambda’)\#_{B,B}(L, P, \lambda)$
( $\#_{B,B}$ ) $M’$




$M’=Q’\cross(\mathbb{Z}_{2})^{3}$ $M$ $L$ $Q’$ 8
$L\# Q’\#\cdots\# Q’$ $k<8$ $Q’$ $\mathbb{Z}_{2^{-}}$
$H_{1}(M;\mathbb{Z}_{2})\cong H_{1}(L;\mathbb{Z}_{2})$ $L=S^{3}$ $k=0$
2.4 $k<8$ 2.2 small cover
$k=rank_{\mathbb{Z}_{2}}H_{1}(M;\mathbb{Z}_{2})$
2.5 $M$ small cover 3 $k=rank_{\mathbb{Z}_{2}}H_{1}(M;\mathbb{Z}_{2})\leq 4$
$M$ $k$ $\mathbb{R}P^{3}$ $k=4$
4 $\mathbb{R}P^{3}$ 3 small cover
$(\mathbb{Z}_{2})^{3}$ - 3 4
$\alpha+\beta+\gamma$
$\alpha+\beta+\gamma$ $\alpha+\beta+\gamma$
3: $k$ $\mathbb{R}P^{3}$ $(k=1,2,3)$ 4: 4 $\mathbb{R}P^{3}$ (3 )
2.6 2.5 $k\geq 5$ ( 5)
$\alpha+\beta+\gamma$
5: $\mathbb{R}P^{3}$ small cover
$(P, \lambda)$ $\{\alpha, \beta, \gamma, \delta\}$ 4 2 $S\subset\{\alpha, \beta, \gamma, \delta\}$
$C_{S}:=\cup\{F\in \mathcal{F}(P)|\lambda(F)\in S\}\subset\partial P$ ( $C_{S}$ $\partial P$
$K_{P}$ ) $(P, \lambda)$ Kempe $(S-$ $)$ $S=\{\alpha, \beta\}$
$C_{S}$ $\{\alpha, \beta\}$- $\partial P\backslash C_{S}=C_{S^{c}}$ $\{\gamma, \delta\}$-
small cover 3
5
2.74 3 $(P, \lambda)$ small cover
$M(P, \lambda)$ 3 $(P, \lambda)$ Kempe
Kempe
Suciu-Trevisan [8] small cover
2.7 $n=3$
( $S=\{\alpha, \beta\}$ 2.8 $P_{S}$ $S$ Kempe
$\{\gamma, \alpha+\beta+\gamma\}$ - $C_{S^{c}}$ )
2.8 (Suciu-Trevisan) $n$ $P$ small cover $M$ i-th
$\beta_{i}(M)$
$\beta_{i}(M)=\sum_{s\subset\{1,2,\cdot,n\}}..rank_{\mathbb{Q}}\tilde{H}_{i-1}(P_{S)}\cdot \mathbb{Q})$
$P_{S}:= \cup\{F\in \mathcal{F}(P)|\sum_{i\in S}\lambda(F)\cdot e_{i}=0\}\subset\partial P$
( $e_{i}$ $(\mathbb{Z}_{2})^{n}$ )
3 &
2 small cover ( )
small cover( )













8: $P_{1}\#^{e}P_{2}=\natural(P_{1}\# P_{2})$ 9: Dehn $\natural^{D}P=P\#^{e}\triangle^{3}$
6
3.1 2.6 $P$ $\natural^{D}(\triangle^{3}\#\triangle^{3}\#\triangle^{3})\#^{e}(\triangle^{3}\#\triangle^{3}\#\triangle^{3})$ $\natural^{-1}(\triangle^{3}\#\triangle^{3}\#\triangle^{3})\#^{e}(\triangle^{3}\#\triangle^{3})$
( 10, 11)
10: $P=\natural^{D}P_{1}\#^{e}P_{2}$ 11: $P=\natural^{-1}P_{1}\#^{e}$













12: $\natural^{D}P_{1}\#^{e}P_{2}$ 13: $\natural^{-1}P_{1}\#^{e}\ovalbox{\tt\small REJECT}$
3.3 3.2 3 small cover ( )
3 small cover} $\mathbb{R}P^{3}$
3.2




3.4 3 small cover small cover
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